In this note we describe conditions under which, in idempotent functional analysis (see [1] [2] [3] ), linear operators have integral representations in terms of idempotent integral of V. P. Maslov. We define the notion of nuclear idempotent semimodule and describe idempotent analogs of the classical kernel theorems of L. Schwartz and A. Grothendieck (see, e.g., [4] [5] [6] ). In [11] , for the idempotent semimodule of all bounded functions with values in the Max-Plus algebra, there was posed a problem of describing the class of subsemimodules where some kind of kernel theorem holds. Some of the results obtained here can be regarded as possible versions of an answer to this question. Previously, some theorems on integral representations were obtained for a number of specific semimodules consisting of continuous or bounded functions taking values mostly in the Max-Plus algebra (see, e.g., [7-10, 1, 3]).
map is a b-homomorphism. The main feature of b-subsemimodules is that restrictions of b-linear operators and functionals to these semimodules are b-linear.
Let X be an arbitrary nonempty set and K an idempotent semiring. By K(X) denote the semimodule of all maps X → K endowed with pointwise operations. If K is a b-complete semiring, then K(X) is a b-complete semimodule. For a point x ∈ X, by δ x denote the functional on K(X) taking f to f (x). It can be easily checked that the functional δ x is b-linear on K(X).
We call an idempotent functional semimodule on a set X, or an IFS for short, a subset of K(X) that is invariant under multiplication by scalars and is an upper semilattice with respect to the induced order. An IFS will always be regarded as a semimodule with respect to the induced multiplication by coefficients from K and the addition defined by x ⊕ y = sup{x, y}, where sup is taken inside the functional semimodule. An IFS is called b-complete if it is a b-complete semimodule. An IFS on the set X is called a functional ∧-semimodule if it contains 0 and is closed under the operation of taking infima of nonempty subsets in K(X). Evidently, any functional ∧-semimodule is a b-complete semimodule. Notice that a functional semimodule (and even a ∧-semimodule) may not be a subsemimodule of K(X), because it inherits from K(X) the order but, in general, not the addition operation.
In general, a functional of the form δ x on a functional semimodule is not even linear, much less b-linear. On the other hand, the following proposition holds, which is a direct consequence of the definitions. 
In idempotent analysis, the right-hand side of formula (1) is often written as [7] [8] [9] ). Regarding the kernel k it is supposed that the set { f (x) ⊙ k(x) | x ∈ X } is bounded in W for all f ∈ V and x ∈ X. We denote the set of all functions with this property by kern V,W (X). In particular, if W = K and A is a functional, then this functional is called integral.
We call a functional semimodule V ⊂ K(X) non-degenerate if for each point x ∈ X there exists a function g ∈ V such that g(x) = 1, and admissible if for each function f ∈ V and each point x ∈ X there exists a function g ∈ V such that g(x) = 1 and f (x)⊙ g f . Note that all idempotent functional semimodules over a semifield are admissible (it suffices to set g = f (x) −1 ⊙ f ). If an operator has an integral representation, this representation may not be unique. However, if the semimodule V is non-degenerate, then the set of all kernels of a fixed integral operator is bounded with respect to the natural order in the set of all kernels and is closed under the supremum operation applied to its arbitrary subsets. In particular, any integral operator defined on a non-degenerate IFS has a unique maximal kernel. An important point is that an integral operator is not necessarily b-linear and even linear except when V is a b-subsemimodule of K(X) (see Proposition 2 below).
If W is an IFS on a nonempty set Y , then the kernel k of an operator A can be naturally identified with a function on X × Y defined by k(x, y) = (k(x))(y). This function will also be called the kernel of the operator A. As a result, the set kern V,W (X) is identified with the set kern V,W (X, Y ) of all maps k: X × Y → K such that for each x ∈ X the map k x : y → k(x, y) lies in W and for each v ∈ V the set { v(x) ⊙ k x | x ∈ X } is bounded in W . Accordingly, the set of all kernels of blinear operators can be embedded in kern V,W (X, Y ).
If V and W are b-subsemimodules of K(X) and of K(Y ), respectively, then the set of all kernels of b-linear operators from V to W can be identified with kern V,W (X, Y ) (see Proposition 2 below), and the following formula holds:
This formula coincides with the usual definition of an operator's integral representation. Note that formula (1) can be rewritten in the form 3. Integral representations of b-nuclear operators. We now introduce several important definitions. A map between b-complete semimodules g: V → W is called one-dimensional (or a rank 1 map) if it has the form v → φ(v) ⊙ w, where φ is a b-linear functional on V and w lies in W . A map g is called b-nuclear if it is a sum of a bounded set of one-dimensional maps. It goes without saying that b-nuclear maps are closely related to tensor products of idempotent semimodules, see [2] . 4. The b-approximation property and b-nuclear semimodules. We shall say that a b-complete semimodule V has the b-approximation property if the identity operator id : V → V is b-nuclear (for a treatment of the approximation property of locally convex spaces in the traditional analysis, see [4, 5] ).
Let V be an arbitrary b-complete semimodule over a b-complete idempotent semiring K. We call this semimodule a b-nuclear semimodule if any b-linear map of V to an arbitrary b-complete semimodule W over K is a b-nuclear operator. Recall that, in the traditional analysis, a locally convex space is nuclear iff all continuous linear maps of this space to any Banach space are nuclear operators, see [4, 5] . Recall that, in the traditional analysis, any nuclear space has the approximation property but the converse statement is not true.
5. Kernel theorems in function semimodules. Let a semimodule V of K(X) be a b-complete IFS over a b-complete semiring K. We shall say that the kernel theorem holds in the semimodule V if all b-linear maps of this semimodule to an arbitrary b-complete semimodule over K have an integral representation. 6. Integral representations of operators in abstract idempotent semimodules. Let V be a b-complete idempotent semimodule over a b-complete semiring K and φ be a b-linear functional defined on V . We call this functional a δ-functional if there exists an element v ∈ V such that φ(w) ⊙ v w for all w ∈ V . Denote by ∆(V ) the set of all δ-functionals on V and by i ∆ the natural map V → K(∆(V )) given by (i ∆ (v))(φ) = φ(v) for all φ ∈ ∆(V ). Note that if a one-dimensional operator φ ⊙ v appears in a decomposition of the identity operator on V into a sum of one-dimensional operators, then φ ∈ ∆(V ).
Denote by id and Id the identity maps on the semimodules V and i ∆ (V ), respectively. The following statement shows that, in a certain sense, the embedding i ∆ is a universal representation of a b-nuclear semimodule in the form of an IFS in which the kernel theorem holds. 
